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ABSTRACT: Universal calibration of retention volume in size exclusion chromatography (SEC) is
examined using Gaussian chain models for linear and branched chain polymers. The question is which
molecular dimension, the radius of gyration Ry or the hydrodynamic radius Ry, determines the partitioning
of polymers of different architectures. The partition coefficient K is calculated for asymmetric star
polymers, two-branch-point polymers, and comb polymers with a pore of slit geometry of opening d. The
plots of K as a function of Ry/d for these polymers nearly overlap with each other, whereas the agreement
is poorer for the plots of K as a function of Ry/d. The experimental data of the SEC retention volume
recently obtained by Sun et al. for linear and branched polyethylene [Macromolecules 2004, 37, 4304]
are used to demonstrate that the quality of the calibration curve using Ry is superior to the one using Ry
and comparable to the one using hydrodynamic volume widely practiced in the community. The universal
calibration by Ry will facilitate inferring the branching structure of a given chain polymer from its SEC
retention volume, since calculation of Ry is much easier for any chain architecture compared with the

hydrodynamic volume.

1. Introduction

Size exclusion chromatography (SEC) is one of the
most frequently used characterization methods for
synthetic and natural polymers.! The recent progress
in inline detectors such as multiangle light scattering
detectors and viscosity detectors has transformed SEC
into an all-round solution characterization method
producing the relationship between the molecular weight
(MW) M, intrinsic viscosity [#], and the radius of
gyration Ry in a mere 30 min.

Since the seminal work by Grubisic et al.,? it has been
recognized that various linear polymers and polymers
of different architectures follow a so-called universal
calibration curve,®* once the SEC system with columns
is specified. The universal calibration relates the reten-
tion volume Vg of a given fraction of a polymer to the
hydrodynamic volume of that fraction which is given as
[#7IM. The presence of the universal calibration curve
indicates that polymer molecules are partitioned be-
tween the pore and the interstitial volume within an
SEC column according to the hydrodynamic volume.
Since the latter is a dynamic quantity and the partition-
ing is an equilibrium property, the universality of the
curve has been puzzling to researchers for decades.®
They would rather associate the partition coefficient to
the chain dimension defined for a static conformation,
such as Rg, if possible.

Recently, Sun et al.> compared the universality of the
relationship between Vg and Ry and the one between
Vg and [#]M for linear polystyrene, linear polyethylene,
and branched polyethylene of different architectures
such as a star, a two-branch point star, and a comb.
They found that the two linear polymers follow a
common curve when Vg is plotted as a function of Ry in
the whole range of MW that spans 3 orders of magni-
tude. When Vg was plotted as a function of [y]M,
however, the agreement between the two series of Vg
data was not as good, especially toward the low end of
the MW range studied. The situation was rather re-
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versed when Vg of the linear and branched polyethylene
were compared. The agreement was better in the plot
of Vg as a function of [#]M, although there were some
deviations.

Theoretical studies on the partitioning of polymer
chains were initiated by Casassa’s group many decades
ago.®” They calculated the partition coefficient K of a
linear polymer and a star polymer of a Gaussian
conformation in equilibrium with pores of various
geometries. The purpose of the calculation was to
associate K with Rgy/d, where d is the pore size. They
found that the plots of K as a function of Ry/d for star
polymers of different numbers of arms do not follow a
common curve. In an effort to bring these plots into a
universal relationship, they proposed using (Ry/d)g—?
in place of Ry/d, where g is the ratio of R¢? of the
branched polymer to Rg¢? of a linear counterpart of the
same mass, but the success was limited. They also
showed,” based on the ratio of the intrinsic viscosity of
the star polymer to that of the linear polymer of the
same mass,®® that (Ryg~Y3)3 is close to the hydrody-
namic volume (per molecule), indicating equivalence
between the plot of K vs (Rg/d)g~*® and the SEC
universal calibration by [n]M.

There are several measures for the linear dimension
of a polymer. Among others, Ry and the hydrodynamic
radius Ry are commonly used since they are defined for
polymers of different architectures and can be deter-
mined in light scattering experiments. In the present
paper, we follow Casassa’s method’ to extend the
calculation of K to asymmetric star polymers, two-
branch-point polymers, and comb polymers of Gaussian
conformation. We demonstrate that using Ry to repre-
sent the linear dimension of the polymer molecule
rather than Ry gives a better universality in the plot of
K as a function of the chain dimension relative to the
pore size. A better universality is also shown for the
SEC data obtained by Sun et al.®
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Recently, Radkel%1! performed computer simulation
studies to calculate the sizes of star polymers and comb
polymers and, using these results, estimate their parti-
tion coefficients in a spherical pore. He pointed out that
the partition coefficient in the pore of a given radius is
a universal function of Ry for these polymers.

2. Chain Dimensions

We adopt a simple model of a polymer molecule:
beads of the same size are connected by massless bonds
to form a desired chain architecture. Let r, (n = 1, 2,
..., N) be the position of the nth bead in the molecule
that consists of N beads. For this model, Ry is given as*?

N
2RZ=N2"Y dr,— r)Gh &

m,n=1

where [(rm,rm)hn denotes the statistical average of
f(rm,rn), a function of rp, and ry, for a given pair of beads,
m and n.

Assuming the Oseen tensor for the hydrodynamic
interaction between the beads in the molecule (Kirk-
wood approximation!®), Ry is expressed as'?

N
Ry '=N72

m,n=1

B o @)

Pairs of m = n are excluded from the sum. Experimen-
tally, Ry is determined from the Stokes—Einstein dif-
fusion coefficient which is obtained in dynamic light
scattering experiments.

Comparison of egs 1 and 2 reveals that Ry is heavily
weighted by a distant pair of beads in an instantaneous
conformation of the polymer molecule whereas a pair
in the close vicinity dominates the averaging for Ry.
Thus, Ry is more sensitive, than Ry is, to the bulkiness
of the central portion of the branched polymer molecule
where the branching crams the beads.

It has been pointed out that a polymer molecule with
its linear dimension greater than the pore opening can
enter the pore without difficulty by placing the largest
dimension parallel to the pore walls.1#15 The extreme
case is a rodlike molecule.’® Its partition coefficient
decreases only algebraically with increasing its length
as opposed to the exponential decrease seen for a
random-coil molecule.'” These facts lead to a conclusion
that the partitioning is more strongly influenced by the
size of the core portion of the polymer molecule and not
as much by its “outliers”. Then, Ry may be a better
measure of the chain dimension for the partitioning
than Ry is.

In the present report, we replace the sums in eqgs 1
and 2, for simplicity, with integrals. When a linear
portion of the branched polymer, that is, an arm or a
portion between adjacent branching points, contains
sufficient numbers of beads, the integrals give good
approximations.

Although dynamic in origin, eq 2 allows Ry to be
computed for a static conformation of the molecule. In
contrast, computation of [5] in the model requires an
additional assumption on the movement of each bead
in a viscous solvent. Furthermore, calculation of [] for
different chain architectures is more difficult compared
with Ru. In fact, [#] has been calculated only for linear
and symmetric star polymers.® In contrast, Ry was
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a

Figure 1. Three architectures of branching: (a) a-arm star
polymer, (b) two-branch-point polymer, and (c) a-arm comb
polymer.

calculated for chains of more complicated architectures
including comb polymers.18

It is known experimentally that [y]M/Ry? is nearly
identical to polymers of different architectures.® Theo-
retical proof was given by Zimm and co-workers, who
applied the normal-mode analysis with hydrodynamic
interactions present between beads to linear polymers
and star polymers.2° It is common to these two archi-
tectures that [#]M O Zizj, where 7 is the relaxation time
of the ith normal mode (i = 1, 2, ...). The sum of 7j is
dominated by 71, which depends on the total number of
beads of the molecule in the same way as Ry does. Both
71 and Ry are governed by the global architecture of the
molecule rather than local details. Therefore, we can
expect that Ry will be an alternative to the cubic root
of the hydrodynamic volume. The latter may include the
SEC universal calibration curve.

3. Branching Parameters

Branching parameters are widely being used to
describe the degree of branching. The branching pa-
rameter compares the squared dimensions of a branched
polymer and a linear polymer that consist of the same
repeating units and have the same total number of
repeating units. For radius of gyration, the branching
parameter g is defined as!?

9= RgZ/RgI2 (3)

where R¢? and Rg? are the mean-square radii of gyration
of the branched polymer and the linear polymer, re-
spectively. Likewise, we define the branching parameter
gn for the hydrodynamic radius as'?

gn = RyRy/* (4)

where Ry and Ry are the hydrodynamic radii of the
branched polymer and the linear polymer, respectively.

In the present report, we consider three architectures
of branching as illustrated in Figure 1. In (a) for an
a-arm star polymer, we allow asymmetricity by assign-
ing a different number of beads (or bonds), N;, to each
of the aarms (i = 1, 2, ..., a). In (b) for a two-branch-
point polymer, we assume for simplicity that the two
branch points have the same number (a) of branches,
and these 2a branches have the same number of beads
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Figure 2. Comparison of g (dots) and g (open circles) for
comb polymers with r = Ni/N, = 1/2, 1, 2, and 4. The two
branching parameters are plotted as a function of a, the
number of combs. Although lines are drawn, the data are
meaningful only at integral values of a.

(bonds), N;. The bridge between the two branch points
has Ny bonds. In (c) for a comb polymer, we assume that
each arm has Nj beads (bonds), and the grafting points
are equally spaced by Ny bonds on the backbone. The
mean distance between adjacent beads is assumed to
be b in all of the architectures.

We assume Gaussian chain statistics for any linear
part of the polymer molecule either along an arm or
along the backbone. Namely, rr, and ry, the positions
of the mth and nth beads in the polymer molecule
separated by | bonds along the linear part, are distrib-
uted with

Gy(Fyy Ty 1) = (2716%3) 32 exp[—3(r,, — r,,)/(21b%)]
®)

For the three chain architectures, g was calculated
a55,20,21

32 22
Ostar = — I\Iiz S Ni3 (6)
N2E N3
(12a® — 4a)r® + Gar(ar + 1+ r) + 1
Qopr = 3 (7)
(1 + 2ar)
Yeomb =
a(Ba—2)r* +a(@+ [(a+ 2)r* + 2a+ 1)r] + (a + 1)°
(ar +a+1)>
(8)

where N is the total number of beads in the polymer
and r = N1/Np. For a symmetric star (N; = Nj), eq 6
reduces to gstar = 3/a — 2/a2.

Since there are no references available for gy, we
calculated it for the three architectures. The results,
together with details of calculation, are shown in
Appendices A—C.

To see howg and gy are different, we show in Figure
2 the two parameters for the comb polymer as a function
of afor r= Ni/Np = 1/2, 1, 2, and 4. In the asymptote of
a — oo, both parameters approach 1/(1 + r); the polymer
is just a linear polymer chain that has more mass per
length of the backbone than does the linear reference
polymer. At each of the four values of r, g4 approaches
its asymptote much more slowly than g does, a result
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ascribed to the bulkiness of the comb polymer around
its backbone.

4. Partition Coefficients

We obtain expressions of the partition coefficient for
the three architectures of branching using the molecular
parameters given in Figure 1. For each chain architec-
ture, a polymer molecule of a Gaussian conformation is
constructed part by part by growing an arm or a section
between adjacent grafting points on the backbone. Each
part is described by the Gaussian function, eq 5. The
partition coefficient of such a molecule with a pore space
is equal to the probability to contain all parts of the
polymer without touching the pore walls, starting at an
arbitrary point within the space. In the slit geometry
of pore specified by 0 < x < d and extending in the y
and z directions, only the x component of the conforma-
tion matters. We intend to derive expressions of the
partition coefficient friendly to numerical computation.

We limit the pore geometry to a slit. The slit geometry
is sufficient for the purpose of comparing how the
partition coefficient depends on the chain dimension
relative to the pore size for different branching archi-
tectures. The difference of the dependence is parallel
in different pore geometries.” The partition coefficient
in a channel of a square cross section of d x d, for
instance, is equal to the square of the partition coef-
ficient in the slit of width d.??

(1) K of an Asymmetric Star Polymer. As shown
in Figure la, the branching point of the a-arm star
polymer is at x, and the end point of the ith arm is at x;
(i=1, 2, .., a). Then, its partition coefficient Ks is
calculated as”?3

1 pd d d
K, = aﬁ) dxﬁ) dxl---ﬂ) dx, G(x,X;;N,)...G(X,x4 N,)
9)

where G(x,x;;N;) is the Green function for the ith arm.
In the slit, any linear part of a Gaussian chain consist-
ing of n bonds of length b and having its ends at x and
X" has the Green function G(x,x’;n) given as

G(x,x;n) = Zuk(x) U, (x') exp(—ne,) (10)
K=
with the normalized eigenfunctions
u () = (2/d) sin(kax/d) (k=1,2,..) (11)
and the eigenvalues

€, = (0%6)(kz/d)® = €,k (12)

We use the running index k; for the ith arm. Using
eqs 10 and 11, eq 9 is rewritten to

00

1 - d
=3 T PN T exp(Nue) f;

K=1
Uy (). () X [ Uy (%) Ao fo U (%) X, (13)

The integral with respect to x; is calculated as
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> d
z eXp(_lekl)ﬂ) dxy Uy (%) =
kl:l
2(2d)1/2
Z — eXp(_Nlekl) (14)
M kq:odd

1

The integrals with respect to Xy, ..., X5 are calculated in
the same way. Therefore

K=
2(2)a = exp(—Nyg ) T — exp(—Nye )l
- — eXP(—N€ )... — exXp(— Ex My ook
7T k;ﬁd 1 vl k55ad Ky AT
(15)
where

i, = @A) (U, (..U (0 dx (16)

Apparently, Iy,..., is invariant to permutation of ky, ...,
ka. Calculations of ly,...c, are shown in Appendix D.
When all N; are identical, eq 15 is the same as the result
obtained by Casassa and Tagami.” Equation 15 with a
= 2 gives K that is identical to the partition coefficient
of a linear chain of N; + N, beads.

(2) K of a Symmetric Two-Branch-Point Poly-
mer. As shown in Figure 1b, the bridge of Ny bonds has
its two ends at x and x'. From the end at x, a arms, each
with N; beads, grow to end at xi, ..., Xa. Likewise, from
the end at x', a arms of N; beads grow to end at X'y, ...,
X'a. The partition coefficient Ky, of this polymer is given
as

1 d d T I. d
Kopr = aﬁ) dx [ dx’ G(X,X' N[ [ dx, ==+
d d
o A%, GXy XN+ G (X XN [ A=+
d
Jo dx', GX X'15Ny)...G(X' X N (17)

We use running index kj for the bridge and rewrite eq
17 to

12 d d
Kapr = 3 exp(~Nyei )l o Ui (09 dx fodxg
Ko=1
d
Jo A%, G(xy,XNY)...G (X, NI (18)

We use running index k; for the ith arm for the Green
functions in eq 18. Calculation proceeds in the same way
as for Ks. We obtain

2 2a  ®
Kaor = 2| — Zd exp(—Npyey)
JT kp:odd

<)

1
Z — exp(—Ny& ).
k,:0dd k

1

© 1 2
Z _EXP(_Nleka)lkbkl---ka‘ (19)
ka:odd Kg

(3) K of a Comb Polymer. As shown in Figure 1c,
the backbone of (a + 1)N, bonds has grafting points,
each separated by N, bonds, at Xxi, X2, ..., Xa. The
terminals of the backbone are at x and x'. From the ith
graft point at x;, an arm of N; beads grows to reach x';.
The partition coefficient K¢ of such a molecule is given
as
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K, = %j;ddxj;ddx'ﬂ)ddxlj;d dx'lﬁddxzﬂ)ddx'z---
[dx, [dx, GxXyNDG(%y X 1iN;) Gy XiNy)

G(X2X 2N 1) GXa—1,Xa;Np) G(XaX'aiN1) G5, X' Ny)
(20)

We use running index ki for G(x,x1;Np), ki (i = 2, ..., a)
for G(xi—1,Xi;Np), K'i (i =1, 2, ..., @) for G(x;,x'i;N1), and k
for G(xa,X';Np). As for Ks and Kz, we can rewrite eq 20
to

2

( )2a+2 © 1 ©
K.=2|— — exXp(—Nye
c k;d K P(—Npey) Z

T 1 k';:odd
1 [ee]
P exp(—Na€)

1 ko0

exp(—Nyey )
d z k’z:zodd

00

1 (2]
— exp(—Ny&)-.. Z exp(—Npey ) Z
k ka:odd

2 k'3:0dd

~exp(-Nie) 3 - exp(-N )(”l )(”l )
— eXP(—Ny€p — eXpP(—Nye)|— , — .
K p 1€k, k;d K p b\ 5 ke {5 Tk ks

a
JT JT
£|ka,1kva,lka Elkak’ak (21)

which is simplified to a (a + 1)-fold sum of a-fold
products of two-dimensional arrays:

2\2a+t2 ® 1 ©
K. = 2(_) Z — exp(—Npe,) Z exp(—Npe )
Tt ki:odd®q kz:0dd

00 [

1
Z exp(—Npe )% Z = eXP(—Nye) Iy i, T,
k5aid kSaak
I, kI (22)

where

1
NI — exp(—N,¢e,)
klkl+1 k'i:;id kri 1 kl 2
(i=1,..awithk,, =k (23)

JT
_Ikik'ikHl

is symmetric for the exchange of ki and k1. Equation
22 can be further simplified by taking every other sum,
for instance, the sum with respect to k; gives another
two-dimensional array:

00

Z exP(—Npei )i i, Tk, = Lic, (24)
ko:odd

Then, the number of the two-dimensional arrays in the
sum decreases to about '/, of the one in eq 22. Repeating
this procedure, eq 22 eventually reduces to a 2-fold sum
of the elements in a two-dimensional array. Therefore,
the cost of computation increases only in proportion to
the logarithm of a.

To verify consistency of eqs 19 and 22, we calculated
Kapr and K, for both N, = N; and a = 2. The results
were identical. We also verified numerically that eq 22,
in the asymptote of Ny — 0, gives the same partition
coefficient as that of a linear chain of (a + 1)Np bonds.

(4) Universality of Partition Coefficients. Having
obtained the expressions convenient for numerical
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Figure 3. Partition coefficients Ks for symmetric star poly-
mers of 2, 3, 4, and 5 arms (from top to bottom) with a slit of
width d, plotted as a function of (a) Ry/d and (b) Rn/d. Alternate
solid and dashed lines are used to distinguish the lines.

1. ]
0.8-
K, 0.6-
0.4.

0.2

0 AR AT PR
0.01 0.1

1 0.01 0.1 1
Ryd Ry/d

Figure 4. Partition coefficients K; of comb polymers with a
slit of width d, plotted as a function of (a) R¢/d and (b) Ru/d.
From top to bottom, r = Ni/Np,=1,a=100;r=1,a=20; r
=2,a=20;andr =4, a=20.

computation, we examine the universality of the parti-
tion coefficients. First, we compare Ks of symmetric 2-,
3-, 4-, and 5-arm star polymers. The two-arm star is
essentially a linear polymer. Parts a and b of Figure 3
compare Ks as a function of Rg/d and Ru/d, respectively.
In part a, increasing the number of arms makes the
penetration into the pore more difficult, compared at
the same Rgy/d, a result ascribed to the bulkiness in the
core portion of the polymer. Adding arms does not
increase Ry so much, although it decreases the prob-
ability of containing all parts of the polymer within the
slit space. The large difference between different num-
bers of arms is drastically reduced in part b. Adding
another arm increases Ry more than it does Ry since
the segment density in the core portion increases, a
situation that parallels to the decrease in Ks. The two
parts of Figure 3 indicate that Ry/d is superior to Ry/d
to estimate the confinement strength.

Second, we examine the universality between differ-
ent comb polymers. For demonstration, K. was calcu-
lated for comb polymers with r = N1y/N, = 1, a = 100; r
=1,a=20;r=2,a=20;and r =4 and a = 20. Comb
polymers with a greater r have more mass per length
of the chain backbone. Calculation results are compared
in the two parts of Figure 4. The difference we have seen
in the two parts of Figure 3 is repeated here. Namely,
comb polymers with more mass around the chain
backbone find it more difficult to enter the pore,
compared at the same Rg/d. In the plot as a function of
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Figure 5. Comparison of the partition coefficients of different
architectures, plotted as a function of (a) Ry/d and (b) Ru/d.
From top to bottom, the architecture is a linear polymer, a
symmetric 3-arm star polymer, a symmetric two-branch-point,
2-arm polymer (N1/Np = 1), and a comb polymer (N1/Np, = 1, a
= 20).

Ru/d, the large difference is greatly reduced. The
universality is better in part b.

Last, the universality is examined for polymers of
different architectures. Parts a and b of Figure 5
compare the plots of the partition coefficient for a linear
polymer, a symmetric star polymer, a symmetric two-
branch-point polymer, and a comb polymer. Trifunc-
tional branching was enforced in every branching point
of the three branching architectures. We chose N1/Nj
=1 and a = 2 for the two-branch-point polymer and
N1/Np = 1 and a = 20 for the comb polymer.

The universality in part b of the three figures could
be improved by plotting K as a function of (Rp/d)gy®
with an exponent o common to different branching
geometries, as Casassa and Tagami’ did in their uni-
versality plot as a function of (Ry/d)g~*3. However,
expressing the confinement strength as a function of a
simple ratio of the linear dimension to the pore size
without a correction factor is appealing; there is no need
to know Ry of the linear polymer that consists of the
same repeating units and has the same molecular
weight as those of the branched polymer.

A different measure of the chain dimension, such as
Orm — o2 with 8 other than 2 or —1, could be also
explored to find the optimal g that optimizes the
overlapping of all the plots of the partition coefficients
as a function of Orm, — ry @/d. However, experimental
methods to evaluate the dimension are available only
for § = 2 and —1 at this moment. Thus, we conclude
that, for all practical reasons, Ry/d gives a good measure
of the confinement strength for Gaussian chain mol-
ecules of different branching architectures. Our conclu-
sion is consistent with the one drawn by Radke.10.11

The universality does not include spheres and rigid
rods. For a sphere of radius Ry, K =1 — 2Ry/d. It is
apparent that the plot of K does not fall near the lines
for chains molecules in Figure 5. Likewise, it can be
shown that there is a distance between the plot of K vs
Ry for a rigid rod and the plots for the chain molecules.
Deviation was also noted by Casassa in the universal
calibration by [#]M.?*

5. Calibration Using Experimental Data

It is interesting to see how well the universal calibra-
tion by Ry fares in experimental results compared with
the one by Ry. Here we use the data of Ry and the SEC
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Figure 6. Calibration curve for the SEC retention volume
VR of linear and branched polyethylene using (a) Ry and (b)
Ru. Branching architectures are symmetric three-arm star,
asymmetric three-arm star, symmetric two-bridge-point poly-
mer, and comb polymer. Data of Vg and Rq by Sun et al. (ref
5). Lines fit the data for linear polyethylene.

retention volume Vg obtained by Sun et al. in their
study of the universal calibration for linear polyethylene
and branched polyethylene of different branching ar-
chitectures.> Comb polymers with less than three arms
are excluded here. Since Ry was not measured, we use

RW/Ry = (01/9)"*(Ru/Ry) = (37"°18)(g,/9)"*  (25)

to estimate Ry from the measured Ry data for each
polymer. It is known that Rni/Rg is insensitive to the
difference in chain statistics (ideal chains vs excluded-
volume chains), as is the ratio of the root-mean-square
end-to-end distance of a linear polymer to its Ry.?°
Therefore, it is expected that the above procedure to
estimate Ry from the measured Ry will not introduce a
significant error.

Parts a and b of Figure 6 compare the calibration
curves by Ry and Ry, respectively. Different symbols
denote different chain architectures. Apparently, the
universality is better in the calibration by Ry. In fact,
it is comparable to the calibration by the hydrodynamic
volume which is shown in ref 5. The universality in the
SEC calibration curve by Ry is not surprising, since Ry
is close to the cubic root of the hydrodynamic volume
per molecule, as stated in section 2.

It will be interesting to examine the calibration by
Ry using the values obtained in dynamic light scattering
measurements. It will be also interesting to look at the
calibration for random copolymers and block copolymers
in a solvent good to all constituents. We note that,
compared with Ry, measurement of Ry is less suscep-
tible to variations of refractive index contrast with the
solvent for different components of the copolymer.
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We can regard the universal calibration as a method
to estimate Ry for each fraction in an SEC chromato-
gram. Together with the estimates of Ry and M to be
obtained in inline light scattering measurements, we
can have g and gy for each fraction. The two sets of
information will allow us to find the architecture of the
polymer, since g and gy can be calculated easily, unlike
the ratio for the intrinsic viscosity.

6. Conclusions

Expressions for the partition coefficient of an asym-
metric star polymer, a symmetric two-bridge-point
polymer, and a comb polymer with a pore of slit
geometry were obtained in the form suitable for numer-
ical computation. The partition coefficients calculated
for these branching architectures were plotted as a
function of the ratio of the chain dimension to the slit
width. When the hydrodynamic radius was used for the
chain dimension rather than the radius of gyration,
these plots nearly overlapped. The result indicates that
the hydrodynamic radius is superior to the radius of
gyration as a measure of the chain dimension in the
partitioning with pore.

It is known that the conformation of a rigid-chain
polymer approaches that of a linear flexible chain as
its contour length increases. It will be interesting to find
how the contour length affects the deviation from the
universal calibration curve.

Appendix A. Ry of an Asymmetric Star Polymer

For the architecture shown in Figure la, the total

number of bonds is N = &, N; (N; > 1). The formula
given by eq 2 is divided into two parts:

a
NR, ™ = SN0, — 1ol T en, +
- a
> NN, = Fol Dhenynen, (A1)

1Z]

where the first part is for a pair of beads on the same
arm and the second part is for the beads on different
arms. First calculating Qry, — rn| t0Ofor given m and n
and then averaging it with respect to m and n that are
independently and uniformly distributed over [0, Ni],
we obtainl2

[urm - rnr]-mrl,neNi = (%) §Ni71/2 (AZ)

A similar calculation gives

6)1/2 4

Ory, — rn|_1DneNi,neNj = (_ 3NiNj

- [(N; + Np* —

st/z _ Ni3/2] (A3)

From egs Al to A3, we have

-1_ E vz 8 ) N32 o 302
Ry A 2NN - @2 F N

T, i T

(A4)
For a linear polymer chain with N beads!?
_ 6\1128
Ru 1=(;) 3N 1 (A5)
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From egs A4 and A5, the g parameter for Ry is obtained
as

N3/2
gH,starll2 = (A6)

Z(Ni +N)¥ - (a - 2)ZNi3’2

=]

For a symmetric star, eq A6 reduces to gy start’?2 = a/[(212
— 1)(21/2 + a)]_lz

Appendix B. Ry of a Symmetric
Two-Branch-Point Polymer

For the architecture shown in Figure 1b, possibilities
of allocating beads m and n to compute Ry according to
eq 2 are classified into the following five cases: (A) two
beads are on the same arm; (B) two beads are on
different arms of the same branch point; (C) two beads
are on arms of different branch points; (D) two beads
are on the bridge; and (E) one bead is on the bridge,
and the other bead on one of the arms. Counting the
numbers of the possibilities, we rewrite eq 2 to

~ 2ar? . 2a(a—1)r?
Ry 1=—= gr —r g+ -
" @+2ar? ™ " A (1+2ar)? "
_ 2a’r? 1 1
r T —2 g, - i ———— 0, —
ol 1 (L+2ar ™ " . (1+2ar? "
- 4dar -
rol G+ -1, (BD)

1+ 2ar)2mrm

where r = N1/Np and [..[{ denotes the statistical average
for case a (o = A, B, C, D, E).

Equations A2 and A3 can be easily adapted for cases
A and B. The other three averages are

172
i, — rn|—1@ _ (g) %Nl—llzr—SIZ[(l +or)¥2 -

21+ ¥ +1] (B2)

_ 6\128  _
D]rm - rn| ll% = (;) §Nl l/2r1/2 (B3)
1/2
or, —r.| ' = (g) gNl—llzr—lm[(l 3232 )
(B4)
Therefore, the g parameter for Ry is
gH,Zbrllz =
(1 + 2ar)®?
2a(a — D[R - Hr? — @ + 0¥+ (1 + 2n*%a* + (a — 1)°
(B5)

Appendix C. Ry of a Comb Polymer

For the architecture shown in Figure 1c, possibilities
of allocating beads m and n to compute Ry according to
eq 2 are classified into the following four cases: (A) two
beads are on the same arm,; (B) two beads are on
different arms; (C) two beads are on the backbone; and
(D) one bead is on one of the arms, and the other bead
on the backbone. Counting the numbers of the possibili-
ties, we rewrite eq 2 as
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_ 2 _ a(@a— nre
R, '=— " agr_—r | Q4+ — 2
" (@ar+a+1> ™ " A (ar +a+1)°
_ (a+1)>° .
O, — ry "R+ —————0r, —r| '@+
m = Mol 718 (ar+a+132?" " " <
2a(a+ 1)r

—-r |70 (C1
(ar+a+1)zﬂlrm r. i (C1)

where r = Ni/Np. Equation A2 can be easily adapted
for case A. The other averages are

T

—3/2 —1/2 .
- —3a(a—1)r N, ““f(r;a) (C2)

1/2
Ir — 2= 3] 5@+ DN (c3)

I =l =) g M heia) ()
where
a-1
f(ra) = (a - Hl@r +i)** - 2(r + )** +i*% (C5)

h(ria) = S [(r + i)*% — r*? —i*?] (C6)

Therefore, the g parameter for Ry is

v (ar +a+ 1)* )
ar¥? + (a+ 1% + f(r;a) + 2h(r;a)

gH,comb

When r = 1, eq C7 is identical to the result obtained by
Kurata and Fukatsu.8

Appendix D. Calculation of Iy;...k,
It can be shown for an odd a that

1
U Uy *ooly = ————— Z Z Z
1 Ko a 2(2d)(afl)/2 s 511 5,51 s.E11

S1Fsyteets,—1)12
(_1)( v Y 1Kyt Kyt ts ky (B1)

where the sign s; is either 1 or —1. Therefore

(_ 1)(Sl+52+"'+5a_1)/2

1
o =—
klkz ka JT 31;1 52;1 Sa;]_ Slkl + Szkz + s + Saka

(D2)

For an even a

1
v d) JID NI ]
! ? 2(2d)(a_1)/2 $1=F1 s5=F1  s;=F1

(-t L+ sk, sk, (D3)
where
Vv, (x) = (2/d)"? cos(kax/d) (k=0,1,2,..) (D4)

Therefore
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| 1
KKk, — ZL Z Z
e e 231: 1 sp=+1 Sa—=x1

__q\(s1tsoteeets,)/2
( 1) n : S1Ky S Kyt F5 K0 (D5)

where ¢ is Kronecker’s delta.
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